Abstract. Using the topologist sine curve we present a new functorial construction of cone-like spaces, starting in the category of all pathconnected topological spaces with a base point and continuous maps, and ending in the subcategory of all simply connected spaces. If one starts by a noncontractible n-dimensional Peano continuum for any n > 0, then our construction yields a simply connected noncontractible (n + 1)-dimensional cell-like Peano continuum. In particular, starting with the circle S 1 , one gets a noncontractible simply connected cell-like 2-dimensional Peano continuum.
Introduction
It is well known that all cell-like polyhedra are contractible. Griffiths [5] constructed a 2-dimensional nonsimply connected cell-like Peano continuum: Let H 1 be the 1-dimensional Hawaiian earrings with the base point θ at which H 1 is not locally simply connected. Let Y = C(H 1 ) be the cone over H 1 . Then H 1 can be considered as the base of the cone C(H 1 ) and θ as its base point. The Griffiths space is then defined as the bouquet of two copies of Y with respect to the point θ.
A generalization of the Griffiths example is analogous -instead of the 1-dimensional one considers the 2-dimensional Hawaiian earrings [3] , i.e. the subspace H 2 of the 3-dimensional Euclidean space, H 2 = {(x 0 , x 1 , x 2 ) ∈ R 3 | (x 0 − 1/k) 2 + x 2 1 + x 2 2 = (1/k) 2 , k ∈ N} . It is easy to see that this generalization of the Griffiths example is a 3-dimensional noncontractible simply connected cell-like Peano continuum.
The purpose of the present paper is to construct a functor SC(−, −) from the category of all path connected spaces with a base point and continuous mappings, to the subcategory of all simply connected spaces with a base point. The following are our main results: Theorem 1.2. For every noncontractible space Z with z 0 ∈ Z, the space SC(Z, z 0 ) is noncontractible.
If Z is a Peano continuum, then SC(Z, z 0 ) is also a Peano continuum. If Z is an n-dimensional metrizable space for n > 0, then the space SC(Z, z 0 ) is (n + 1)-dimensional. If Z is a compact, then SC(Z, z 0 ) is a compact space with trivial shape.
In particular, when Z is the circle S 1 , we get the following: Corollary 1.3. For any point z 0 of the circle S 1 , the space SC(S 1 , z 0 ) is a noncontractible simply connected cell-like 2-dimensional Peano continuum.
As a general reference for algebraic topology we refer the reader to [10] .
Preliminaries
For any two points A and B in the plane R 2 , [A, B] denotes the linear segment connecting these points. For a, b ∈ R with a < b, [a, b] denotes the closed interval, (a, b) denotes the open interval and [a, b) and (a, b] denote the half-open intervals, as usual. The unit interval [0, 1] will be denoted by I. To avoid confusion between an open interval and an element of the square I × I, we shall write (a; b) for the latter, where a, b ∈ I. Our construction is based on the piecewise linear topologist sine curve T in the plane. Let A n = (1/n; 0), B n = (1/n; 1), for n ∈ N = {1, 2, 3, . . . }, A = (0; 0), B = (0; 1) be the points of the plane R 2 . Let L 2n−1 = [A n , B n ] and L 2n = [B n , A n+1 ]. The space T is the subspace of I 2 defined as the union of all segments L n and L = [A, B] .
Let Z be any space with a base point z 0 . Then the base set of SC(Z, z 0 ) is the quotient set of T × Z ∪ I 2 obtained by the identification of the points (s, z 0 ) ∈ T × Z with s ∈ T ⊂ I 2 and by the identification of each set {s} × Z with the one-point set {s} if s ∈ L. There is a natural projection p : SC(Z, z 0 ) → I 2 . To p there corresponds a pair of functions p 1 and p 2 such that p(z) = (p 1 (z); p 2 (z)). For a = (x; y) ∈ T with x > 0, the set p −1 (a) is denoted by Z a , which is homeomorphic to Z, and for y ∈ I the set p −1 2 ({y}) is denoted by M y . Let O ε (a) = p −1 (U ε (a)), where U ε (a) is the open ε-ball with the center at a ∈ I × I with respect to the standard metric.
The topology of SC(Z, z 0 ) coincides with the quotient topology at each point outside L. A basic neighborhood of a point a = (0; y) ∈ L is of the form O ε (a). Therefore, the topology of SC(Z, z 0 ) is the quotient topology when Z is compact.
Obviously, SC(−, −) is a functor from the category of topological spaces with a base point to itself. The space SC(Z, z 0 ) is path-connected, pathconnected and locally connected, finite-dimensional, metrizable or compact if Z is path-connected, path-connected and locally connected, metrizable or compact, respectively. In particular, SC(Z, z 0 ) is a Peano continuum if Z is a Peano continuum.
If Z is compact, SC(Z) is a quotient space of T × Z ∪ I 2 and hence SC(Z) is also compact. Next we show that the shape type of SC(Z) is that of the one-point space, when Z is compact. To see this let U be an open cover of SC(Z). By the compactness of I we have ε > 0 such that p −1 ([0, ε) × [a, b] ) is contained in an element of U for every 0 ≤ a < b ≤ 1 with b − a < ε. By the compactness of Z we also have a cover O 1 , · · · , O m of X and points P 1 = A 1 , · · · , P n on T such that [P i , P i+1 ] ⊂ T ∩ [ε, 1] × I and each [P i , P i+1 ] × O j is contained in an element of U. Hence we have a refinement of U whose nerve is contractible. This yields the conclusion.
Let Z be an n-dimensional metrizable space for n > 0. Then, since SC(Z) = I 2 ∪ ∞ n=1 p −1 ([1/n, 1]×I) and p −1 ([1/n, 1]×I∩T ) is homeomorphic to I × Z, the dimension of SC(Z) is n + 1 by [4, Theorems 4.1.3 and 4.1.9] and [9, p.221] . Hence SC(Z) is a cell-like, (n + 1)-dimensional compact metrizable space, if Z is a n-dimensional compact metrizable space [7, 8] .
A path in X is a continuous mapping of the closed interval [a, b] to X. We say that two paths are homotopic if they are defined on the same domain and are homotopic relative to their ends. The composition of two paths f : [a, b] → X and g : [b, c] → X such that f (b) = g(b) is a path h : [a, c] → X which is defined as follows:
Let f : [a, b] → X and g : [c, d] → X be paths. We say that f is equivalent to g and write f ∼ = g when f (a + (b − a)t) = g(c + (d − c)t) for each t ∈ I and define f as f (t) = f (a + b − t) for each a ≤ t ≤ b.
A loop with the base point x 0 in a space X is a path f : [a, b] → X for which f (a) = f (b) = x 0 .
The product of two loops is defined in the standard way. The constant mapping to {x 0 } is denoted by c x 0 . Let f : [a, b] → X be a path, c any point in [a, b] and α any loop with the base point at f (c). The modification of the path along a loop α : I → X is the path g : [a, b] → X which is defined for an interval [t 1 , t 2 ] ⊂ (a, b) such that c ∈ [t 1 , t 2 ] as follows:
The definition of the modification of paths depends on the interval [t 1 , t 2 ], however all such paths are homotopic. (For simplicity of the definition we suppose that the domain of a loop α is I, but we shall use a variant of the modification for loops with arbitrary domains in the sequel.) A homotopy connecting an injective mapping with the constant one is called a contraction . Whenever possible we shall use the symbol SC(Z) instead of SC(Z, z 0 ). Proof. The assertion of the lemma follows directly from the definition of the strong deformation retraction.
Lemma 3.2. Let X be any space and α = (α 1 , α 2 ) any path in X × I with the end points α(0) ∈ X × {0} and α(1) ∈ X × {1}. Then there exists a path α ′ in X × I homotopic to α and such that Im(α ′ ) ⊂ {α 1 (0)} × I ∪ X × {1}.
Proof. Let H : I × I → X × I be the homotopy which is defined by the following formulas:
Obviously, H(0, t) = α(0), H(1, t) = α(1), H(s, 0) = α(s) and Im(H(−, 1)) ⊂ {α 1 (0)} × I ∪ X × {1} so H is the desired homotopy connecting α and α ′ = H(−, 1).
The path α ′ | [0, 1/2] is called the linear part and α ′ | [1/2, 1] is called the residual part of the path α ′ .
In the following lemmata we use the symbols of B n , Z Bn , U ε (B n ), O δ (B n ) and M 0 which were defined in Section 2.
Lemma 3.3. Let f : I → SC(Z) be any path. Then for every n ∈ N and every ε > 0 there exist a path f n,ε : I → SC(Z) and a homotopy H n,ε : I 2 → SC(Z) such that:
Proof. Let δ be a number such that 0 < δ < ε and
) and whose end points lie outside f −1 (Z Bn ). Using the modifications of paths along loops we can assume without loss of generality that end points of all paths lie on T . For a given k ∈ K n consider the path f
is naturally homeomorphic to the product of the interval and the space Z. The product ([f (a k 
homotopic to a path the linear part of which lies in L 2n−1 ∪ L 2n and the residual part of which does not intersect Z Bn . The linear part can be slightly deformed in I×I to a segment [f (a k ), f (b k )] with fixed ends f (a k ) and f (b k ), which does not contain the point B n . Since the index k is arbitrary and the number of the intervals {[a k , b k ] : k ∈ K n } is finite we get the desired mapping f n,ε .
Next lemma is a direct consequence of Lemma 3.3: 
given by the piecewise linear mapping (linear over every triangle A n B n A n+1 and A n+1 B n+1 B n ) which maps [A n , B n ] \ {B n } and [A n+1 , B n ] \ {B n } to the points A n and A n+1 , respectively (see Figure 1 ). Since the spaces Z Bn have been deleted, D is well-defined and continuous.
The following follows from Lemmata 3.4 and 3.5 :
Before we show the simple connectivity of SC(Z), we exhibit a homotopy from the canonical winding to the constant, in case when Z is the circle in Figure 2 . In the remaining part of this section we shall use the word "homotopic" for loops in a weaker sense, that is, two loops f and g will be considered to be homotopic if there exists a homotopy H(−, t) such that H(−, 0) = f , H(−, 1) = g and H(−, t) is a loop for each t. ¿From a loop as I in Figure 2 we pull the bottom of the loop to the left. This is the procedure I. Then we pull up to the loop as III through the one as II, this is the procedure II. Now the loop is in the upper edge without tangles as III. We contract the loop to the point B, this is the procedure III. To generalize these simple procedures I, II, III, we need to describe them more precisely.
For a loop α in Z with the base point z 0 and a point u ∈ T , let α u be a loop in Z u induced naturally by the homeomorphism between Z and Z u , i.e. α u (t) = (u, α(t)), and in particular the base point of α u being u.
We call β : Proof. We modify β to γ 0 so that:
] is a linear mapping and γ 0 | [1/(4k+2),1/(4k+1)] is constant for k ≥ 1. It is easy to see that γ 0 is homotopic to β in p −1 ([0, 1/n] × {0}). This homotopy corresponds to the procedure I. Next we describe the homotopy corresponding to the procedure II according to the above classification (1) − (3). Let E n,t be the point ((t + n)/((n + 1)n); t) on L 2n and F n,t be the point (1/n; t) on L 2n−1 . We define H : I × I → p −1 ([0, 1/n] × I) so that H(s, 0) = γ 0 (s) and the following hold: (1) H(0, t) = (0; t), H(s, t) = (2(1−s)/n; t) for s ∈ [1/2, 1] and H(−, t)| [1/3,1/2] 
Then H is continuous and it is a homotopy with H(0, t) = H(1, t) for all t. Proof of Theorem 1.1. By Lemma 3.6, we may start by a loop f : [0, 1] → M 0 with base point the A. Moreover, since the A m 's are isolated points among {A m : m < ω}, are connected by intervals in I × {0} and converge to A, every loop in M 0 is homotopic to a loop homotopic to an infinite concatenation of basic loops. We may assume that we have a disjoint family of intervals (a n , b n ) (n < ν), where ν ≤ ω, such that each f | [an,bn] is a basic loop at some A m and n<ν (a n , b n ) is dense in I. Then f (s) = A for s / ∈ n<ν (a n , b n ). We define a homotopy H * : S 1 × I → S 1 as follows: u) , t)) if u = s 0 and P (d −1 (u), t) holds; s 0 , otherwise.
We have a contradiction with the fact that H * (s, 0) = s and that S 1 is not contractible, if H * is a homotopy (compare with [2] ). Hence it suffices to verify the continuity of H * . If u = s 0 and P (d −1 (u), t) holds, the continuity at (u, t) is clear. Otherwise, u = s 0 and P (d −1 (u), t) does not hold, or u = s 0 . We consider
